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Key Points: 6 
• Electron-ion collisions with velocity dependent Fokker-Planck coefficients are 7 
implemented in a self-consistent particle-in-cell code. 8 
• Particle-in-cell code simulated collisional radar spectra for all magnetic aspect angles, 9 
including perpendicular to the magnetic field. 10 
• Simulated spectra match Brownian motion theory at angles larger than 3° away from 11 
perpendicular to the magnetic field.  12 
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Abstract 13 
Incoherent scatter radars (ISR) rely on Thomson scattering of VHF or UHF radio waves  14 
off electrons in the ionosphere and measure the backscattered power spectra in order to estimate 15 
altitude profiles of plasma density, electron temperature, ion temperature, and ion drift speed. 16 
These spectra result from the collective behavior of coupled ion and electron dynamics and, for 17 
most cases, existing theories predict these well. However, when the radar points nearly 18 
perpendicular to the Earth’s magnetic field, the motion of the plasma across the field lines 19 
becomes complex and Coulomb collisions between electrons and ions become important in 20 
interpreting ISR measurements. This paper presents the first fully kinetic, self-consistent, 21 
particle-in-cell simulations of ISR spectra with electron-ion Coulomb collisions. We implement a 22 
grid-based Coulomb collision algorithm in the Electrostatic Parallel Particle-in-Cell (EPPIC) 23 
simulator and obtain ISR spectra from simulations both with and without collisions. For radar 24 
directions greater than 5° away from perpendicular to the magnetic field, both sets of simulations 25 
match collisionless ISR theory well. For angles between 3° and 5°, the collisional simulation is 26 
well described by a simplified Brownian motion collision process. At angles less than 3° away 27 
from perpendicular the Brownian motion model fails, and the collisional simulation qualitatively 28 
agrees with previous single particle simulations. For radar directions exactly perpendicular to the 29 
magnetic field the simulated collisional spectra match those from the Brownian motion collision 30 
theory, in agreement with previous single particle simulations. 31 
1 Introduction 32 
Incoherent scatter radars (ISR) measure the returned power versus Doppler shifted 33 
frequency of radar pulses that are Thomson scattered off electrons in the ionosphere. By fitting to 34 
theoretical spectra, radio scientists calculate altitude profiles of the plasma density, electron and 35 
ion temperature, and ion drift speed (Milla and Kudeki, 2006; Hysell et al., 2015). The 36 
theoretical spectra become difficult to calculate when the magnetic aspect angle, which is 37 
defined as 0° when the radar line of sight is perpendicular to the magnetic field, approaches 0°. 38 
In this paper, we simulate the ISR spectra at small aspect angles using the Electrostatic Parallel 39 
Particle-in-Cell (EPPIC) simulator (Oppenheim et al., 2008), and implement a grid-based 40 
Langevin formulation of the Fokker-Planck equation. 41 
1.1 Collision Effects on ISR Spectra 42 
For aspect angles greater than 5°, the plasma behavior is effectively collisionless, and the 43 
theoretical ISR spectra have been worked out in detail by Kudeki and Milla (2011) and others. 44 
Early calculations of temperature profiles at Jicamarca Radio Observatory modeled the plasma as 45 
collisionless for all aspect angles, which underestimated electron temperatures when compared to 46 
satellite measurements (Carlson and Sayers, 1970; McClure, 1973). Sulzer and Gonzalez (1999) 47 
argue that at small aspect angles the spectra narrows to the point where Coulomb collisions 48 
become an important process in an electron’s motion, which in turn changes the spectra. Sulzer 49 
and Gonzalez (1999) also present simulations of a single electron random walking due to 50 
collisions, which show for finite aspect angles the resulting spectra are narrower than the 51 
collisionless theory suggests for the same temperature. Since Jicamarca is steering limited to 52 
aspect angles of 6° or less, the effects of Coulomb collisions are of fundamental importance to 53 
temperature measurements there.  54 
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Aponte et al. (2001) developed a numerical library from the Sulzer and Gonzalez results, 63 
and validated the collision hypothesis with data from Jicamarca. Woodman (2004) evaluated the 64 
velocity-independent Fokker-Planck equation to show how the effective collision frequency 65 
changes as a function of magnetic aspect angle, which gave theoretical justification for the 66 
results of Sulzer and Gonzalez. Kudeki and Milla (2011) provide a general framework for ISR 67 
theory that calculates spectra from theoretical or simulated single particle autocorrelation 68 
functions. They further provide a theoretical electron autocorrelation function which 69 
approximates collisions as a velocity independent Brownian motion process. The simulations in 70 
Sulzer and Gonzalez use a guiding center approximation, which neglects diffusion across the 71 
magnetic field, and restricts their results to aspect angles larger than 0.1°. Milla and Kudeki 72 
(2011) address the problem of field line diffusion by simulating single particle motion in 3D, 73 
subject to the Lorentz force and velocity dependent collisions modeled by the Fokker-Planck 74 
equation. Both Sulzer and Gonzalez (1999) and Milla and Kudeki (2011) use the displacement 75 
statistics from their simulations to construct a single particle autocorrelation function that 76 
calculates the ISR spectra through the general framework in Kudeki and Milla (2011). This 77 
approach separates the macrophysics of a plasma’s collective behavior from the microphysics of 78 
single particle dynamics. In this paper we calculate collisional ISR spectra with a particle-in-cell 79 
(PIC) code, which is able to simultaneously evolve both physical scales of a collisional plasma. 80 
1.2 Collision Methods in PIC Codes 81 
PIC codes apply a variety of numerical schemes and implementations (Birdsall and 82 
Langdon, 2004), but they all follow a few key steps. At every time step, the particles are 83 
scattered onto a fixed grid using a weighting function that considers the distance between the 84 
particle and neighboring grid nodes. This scatter step creates a charge density matrix, which 85 
allows the electric field to be computed on the grid using Poisson’s equation when using an 86 
electrostatic approximation. With the calculated electric field and an externally imposed 87 
magnetic field, the velocity and position of each particle is updated under the Lorentz force. 88 
During the scatter stage, charges in close proximity only interact through the long range electric 89 
field computed from the charge density. Thus, it is necessary to explicitly add a model to 90 
simulate Coulomb scattering of two particles at close ranges. 91 
The first widely used scheme for simulating Coulomb collisions is the direct binary 92 
method developed by Takizuka and Abe (1977). At each time step in the binary method, the 93 
particles in each grid cell are sorted into pairs and scattered off each other. The post collision 94 
velocity is calculated by sampling the scattering angle from a Gaussian distribution with zero 95 
mean and a variance derived from Coulomb’s law. A further generalization of this method was 96 
developed by Nanbu (1997), which calculates the scattering angle for the colliding pair by 97 
assuming each particle undergoes multiple small angle collisions at the same time. No 98 
assumptions about the particle distributions need to be made using the binary method, and 99 
energy is automatically conserved in each collision pair. However, this scheme is 100 
computationally demanding because the particles need to be sorted into pairs, and a small time 101 
step must be used (Cohen et al., 2010). 102 
The grid-based Langevin equation method was developed by Jones et al. (1996) in an 103 
effort to reduce the computational demand of simulating Coulomb collisions. The grid-based 104 
method uses the first three moments of each particle’s distribution to calculate a drag coefficient 105 
and a diffusion tensor from the Fokker-Planck equation. The drag and diffusion terms are used to 106 
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define a stochastic Langevin equation that is an exact representation of the Fokker-Planck 115 
equation in the limit of infinitesimally small time steps. Manheimer et al. (1997) further 116 
developed this method to allow the collision cross sections to be velocity dependent. We use the 117 
algorithm developed in Manheimer to simulate Coulomb collisions in EPPIC due to its 118 
simplicity, speed, and use of velocity dependent cross sections. 119 
2 Coulomb Collision Theory 120 
The Fokker-Planck equation is a collision operator for the Boltzmann equation under the 121 
assumption of small angle Coulomb collisions (Rosenbluth et al., 1957): 122 𝜕𝑓!𝜕𝑡 "#$$ = 𝜕𝜕𝒗&⃗ ⋅ )𝑭&&⃗ 𝒅(𝒗&⃗ !)𝑓!(𝒗&⃗ !)- + 12 𝜕&𝜕𝒗&⃗ 𝜕𝒗&⃗ : [𝐃4(𝒗&⃗ !)𝑓!(𝒗&⃗ !)], (1) 123 
where Fd is a drag friction vector, D is a diffusion tensor, and fe is the electron distribution. For 124 
electrons colliding off singly charged ions, the drag and diffusion coefficients are 125 𝑭&&⃗ 𝒅(𝒗&⃗ !) = 𝑒'4𝜋𝜖(&𝑚!& Λ𝜕𝐻)𝜕𝒗&⃗ , (2) 126 𝐃4(𝒗&⃗ !) = 𝑒'4𝜋𝜖(&𝑚!& Λ 𝜕&𝐺)𝜕𝒗&⃗ 𝜕𝒗&⃗ 	 . (3) 127 
Λ is the Coulomb logarithm, defined by the Debye length, hd, and the electron speed, ve: 128 Λ = ln D4𝜋𝜖(𝑚!ℎ*𝑣!&𝑒& G . (4) 129 
The Rosenbluth potentials, Hi and Gi, of the ion species are (Rosenbluth et al., 1957): 130 𝐻)(𝒗&⃗ 𝒆) = H𝑑,𝒗&⃗ 𝒊 𝑓)(𝒗&⃗ 𝒊)|𝒗&⃗ ! − 𝒗&⃗ 𝒊| , (5) 131 𝐺)(𝒗&⃗ 𝒆) = H𝑑,𝒗&⃗ 𝒊	𝑓)(𝒗&⃗ 𝒊)|𝒗&⃗ ! − 𝒗&⃗ 𝒊| , (6) 132 
where fi is the ion distribution. Typically, Rosenbluth potentials are calculated by assuming an 133 
isotropic Maxwellian distribution in the integrand. In the case of electron-ion collisions, if both 134 
species are at similar temperatures then 𝑣) ≪ 𝑣! for any given electron-ion pair. This speed 135 
difference means the ion distribution is extremely narrow compared to any electron’s speed, and 136 
the calculation of Equations (5) and (6) can be approximated to high accuracy by assuming the 137 
ion distribution is a delta distribution centered at vi = 0. The Rosenbluth potentials under this 138 
approximation are then (Manheimer et al. 1997) 139 𝐻)(𝒗&⃗ 𝒆) = 𝑛)𝑣! , (7) 140 𝐺)(𝒗&⃗ 𝒆) = 𝑛)𝑣! . (8) 141 
Using the approximated Rosenbluth potentials in Equations (7) and (8) is further motivated by 142 
the simplicity of the resulting drag and diffusion coefficients in Equations (9-11) below. In 143 
contrast, the Rosenbluth potentials calculated from an isotropic Maxwellian ion distribution 144 
result in drag and diffusion coefficients containing an error function and an exponential. 145 
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Calculating these special functions for every collision slows down the PIC code, and the 162 
resulting drag and diffusion coefficients are the same as Equations (9-11) for all but the slowest 163 
0.1% of the electron distribution. 164 
In a coordinate system where the electron velocity is in the e3 direction, the diffusion 165 
tensor becomes diagonal (Manheimer et al., 1997). With only one ion species present the ion 166 
density is the same as the plasma density, so the drag and diffusion coefficients for electron-ion 167 
collisions become 168 𝐹*(𝑣!) = − 𝑛𝑒'4𝜋𝜖(&𝑚!&𝑣!& Λ, (9) 169 𝐷..(𝑣!) = 𝐷&&(𝑣!) = 𝑛𝑒'4𝜋𝜖(&𝑚!&𝑣! Λ, (10) 170 𝐷,, = 0. (11) 171 
2.1 Langevin Equation Formulation 172 
To implement the Fokker-Planck equation and its simplified Rosenbluth potentials into a 173 
PIC code an equivalent Langevin equation needs to be constructed. The Langevin equation is a 174 
stochastic differential equation (Manheimer et al., 1997), which in velocity update form is 175 Δ𝒗&⃗ /012 = 𝑭&&⃗ 𝒅Δ𝑡 + 𝑸&&⃗ , (12) 176 
where Fd is the frictional drag force from the Fokker-Planck equation, and Q is a vector 177 
randomly sampled from the Gaussian distribution defined by the diffusion coefficients D11 and 178 
D33 from Equations (9) and (10): 179 𝜙Y𝑸&&⃗ Z = 1(2𝜋Δ𝑡),/&𝐷..𝐷,,./& exp D− 𝑄,&2𝐷,,Δ𝑡 − 𝑄.& + 𝑄&&2𝐷..Δ𝑡 G . (13) 180 
The Langevin equation then produces a velocity change that can be included in the 181 
velocity update step as 182 𝒗&⃗ 1!4 = 𝒗&⃗ #$* + 𝑭&&⃗ /#5!167Δ𝑡 + 𝑭&&⃗ 𝒅Δ𝑡 + 𝑸&&⃗ . (14) 183 
The linearity of the terms in Equation (14) allows the collision operator to be programmed into 184 
the PIC code as a separate module, which we place after the particle velocities are updated with 185 
the Lorentz force. It is important to point out that the stochastic nature of Equation (12) 186 
introduces small errors, and energy is not necessarily conserved globally at each time step in the 187 
simulation. A general method for correcting the full set of ΔvLang to conserve energy at the end of 188 
the collision routine is provided by Lemons et al. (2009). However, since we are only simulating 189 
electron-ion collisions we will conserve energy globally by forcing each electron to conserve its 190 
energy during the collision, as described below. 191 
2.2 Algorithm for Electron-Ion Collisions 192 
The following algorithm describes how a single electron is scattered off a single ion 193 
distribution. We place this routine at the end of the velocity update step and can subcycle the 194 
collision routine by changing the time step in Equation (15) to be the time in between collision 195 
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algorithm calls. ISR runs in this paper call the collision routine every 8 time steps in order to cut 198 
computation time in half. 199 
Collision Algorithm 200 
1. Calculate the Coulomb logarithm in Equation (4) with the individual electron’s velocity ve: 201 Λ = ln D4𝜋𝜖(𝑚!ℎ*𝑣!&𝑒& G . 202 
Since the ions are assumed immobile on collisional time scales, the Debye length in the 203 
plasma is the same as the electron Debye length. The simulations in this paper are of globally 204 
homogeneous plasmas, so we can speed the simulation up by evaluating the Debye length 205 
globally.   206 
2. Calculate the diffusion coefficient D11 from Equation (10): 207 𝐷..(𝑣!) = 𝐷&&(𝑣!) = 𝑛𝑒'4𝜋𝜖(&𝑚!&𝑣! Λ. 208 
3. For each particle, randomly sample Q in the limit as 𝐷,, → 0 and D11 = D22: 209 𝜙(𝑄., 𝑄&) = 12𝜋Δ𝑡𝐷.. expD−𝑄.& + 𝑄&&2𝐷..Δ𝑡 G . (15) 210 
This is a Gaussian of two independent variables and therefore Q1 and Q2 can be sampled 211 
separately from a single variable Gaussian with a variance of 𝜎 = aΔ𝑡𝐷.. and a mean of 0. 212 
The limit 𝐷,, → 0 also implies Q3 = 0. The time step Δt should be adjusted at this step to 213 
account for any subcycling of the collision routine. 214 
4. Calculate the rotation angles to move into the primed coordinate frame where ve= ve e3 215 𝜙 = atan2(𝑣&, 𝑣.) , (16)	216 𝜃 = cos8. h𝑣,𝑣 i . (17) 217 5. The velocity update in the rotated prime coordinates is then 218 𝑣.9 = 𝑄., (18)	219 𝑣&9 = 𝑄&. (19)	220 6. The 3rd velocity component is usually a combination of the drag coefficient and Q3. 221 
However, in assuming that the ions are infinitely massive and stationary, we have also 222 
assumed the collision is elastic and thus the electron’s speed is unchanged. The 3rd velocity 223 
component is then calculated such that energy conservation is forced in each collision 224 
(Manheimer et al., 1997), 225 𝑣,9 = j𝑣)1)6& − 𝑄.& − 𝑄&&. (20)	226 
7. Rotate back into normal, unprimed coordinates, to obtain the post-collision velocities.  227 𝑣.(𝑛𝑒𝑤) = 𝑣.9 ∗ cos 𝜃 cos𝜙 − 𝑣&9 ∗ sin𝜙 + 𝑣,9 ∗ sin 𝜃 cos𝜙 , (21)	228 𝑣&(𝑛𝑒𝑤) = 𝑣.9 ∗ cos 𝜃 sin𝜙 + 𝑣&9 ∗ cos𝜙 + 𝑣,9 ∗ sin 𝜃 sin𝜙 , (22)	229 𝑣,(𝑛𝑒𝑤) = −𝑣.9 ∗ sin 𝜃 + 𝑣,9 ∗ cos 𝜃 . (23) 230 
The above steps are repeated for each electron before continuing with the rest of the 231 
velocity update step. 232 
Confidential manuscript submitted to Journal of Geophysical Research: Space Physics 
 
3 Validating Electron-Ion Collisions in EPPIC 233 
EPPIC is a fully kinetic, massively parallel, domain decomposed PIC code (Oppenheim 234 
et al., 2008). Since EPPIC is primarily used to simulate ionospheric plasmas, it is an electrostatic 235 
code, and the magnetic field takes on a fixed value for the duration of the run. The scatter step 236 
uses a linear shape function to aggregate charge density onto the nearest grid cells. The electric 237 
field is found by solving Poisson’s equation using a spectral technique with a convolution stencil 238 
for periodic boundary conditions. A second order Boris mover is used to advance the particle 239 
velocities and positions. 240 
The electron-ion collision routine in EPPIC is validated by looking at how collisions slow 241 
an electron beam. Table 1 shows the simulation parameters in units normalized to the electron 242 
thermal speed c. Figure 1 plots the simulated and theoretical beam speed as a function of time for 243 
three different initial beam speeds. The thermal speed in the x-direction is also plotted, showing 244 
that the energy of the beam goes into heating the electrons. 245 
The theoretical curve for a beam decelerating due to collisions is obtained by taking the 246 
first moment of the Fokker-Planck equation. For a Maxwellian distribution with bulk speed u 247 
and thermal speed c, the deceleration of the beam is 248 𝜕𝑢𝜕𝑡 = − 𝑒𝑛!𝑐4𝜋𝜖"#𝑚$#𝑢#√2𝜋/ Λ1exp 1−(𝑣 − 𝑢)#2𝑐# 8 9 𝑢𝑐#𝑣 − 1𝑣#; − exp 1−(𝑣 + 𝑢)#2𝑐# 8 9 𝑢𝑐#𝑣 + 1𝑣#;8𝑑𝑣%" (24) 249 
The integration over azimuthal and polar angles has already been done, but the remaining 250 
integration over v is done numerically since the Coulomb logarithm varies as log(v2). 251 
Furthermore, Equation (24) assumes a Maxwellian distribution at all times, which is not 252 
accurate. The Coulomb collision frequency scales with velocity as 𝑓 ∝ 1/𝑣,, so slower moving 253 
electrons will collide more frequently, and thus the low energy tail of the beam will decelerate 254 
much faster than the high energy tail. This skews the beam away from a Maxwellian, and a full 255 
theoretical treatment of the problem would need to derive Equation (24) using a skew-normal 256 
distribution and the 13 moment fluid equations. Such an approach is cumbersome and beyond 257 
the accuracy desired, so we account for the skew by approximating the distribution as a 258 
Maxwellian with corrected variance σ and mean u 259 𝜎& = 𝑠&1 − 2𝛿&/𝜋 , (25) 260 𝑢 = 〈𝑣〉 − 𝜎𝛿a2/𝜋, (26) 261 
where 〈𝑣〉 and s are the first and second moments of the skewed distribution in our simulations. 262 
The parameter δ is calculated from the normalized third moment of the simulation, γ, as  263 𝛿 = 𝛾	v 𝜋2𝛾&/, + 2 h2 − 𝜋2i&/, . (27) 264 
With the corrected mean and variance in Equations (25-27), we numerically integrate 265 
Equation (24) at every time step of the simulation to obtain the theoretical beam deceleration, 266 
which is then integrated in time to produce the theory curve in Figure 1. Figure 1 shows that the 267 
simulations match the theory well, with the remaining discrepancy resulting from the 268 
approximation of the skew-normal distribution in Equation (24). We conclude that the collision 269 
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algorithm has been correctly implemented and demonstrate that a fully kinetic PIC approach 270 
more accurately models beam decelerations than a theoretical approach that assumes invariant 271 
Maxwellian distributions. 272 
Table 1. Simulation parameters used for beam validation. Parameters are normalized to vth = hd = 273 
1 for the background electrons. 274 
Grid Size 128 x 32 Electron mass me = 1 
Grid Step Δx = Δy = 0.5 Ion mass mi = 1024 
Total Time Steps 10,000 Ion temperature Ti = Te 
Time Step Size Δt = 0.02 Background electron density ne = 0.99 ni 
Particles per grid cell 1024 Beam electron density ne,beam = 0.01 ni 
Initial beam speeds vin,beam = {0.3, 1, 2} Initial thermal speeds vth,beam = vth,e = 1 
 275 
Figure 1. An electron beam decelerated by collisional drag against stationary ions. The electrons 276 
have initial thermal velocities of 1 in the x, y, and z direction. Three initial beam speeds are 277 
shown, with vbeam = 0.3, vbeam = 1, and vbeam = 2. The theoretical curve (dashed blue) is 278 
determined by Equations (24-27). The thermal speed of the beam (red) is increased as the beam 279 
slows down (black) due to collisions. 280 
4 ISR Simulations 281 
Incoherent scatter radars transmit radio pulses at frequencies well above the maximum 282 
plasma frequency in the ionosphere. Part of the signal is returned to the receiver by Thomson 283 
scattering off electrons. Kudeki and Milla (2011) show that the power spectrum of the returned 284 
signal is proportional to the Fourier transform of the electron density in a subvolume ΔV: 285 〈w𝐸&⃗ (𝜔)w&〉 = 𝑟!&𝑅& 𝐸(&Δ𝑉〈|𝑛!Y𝜔, 𝒌&⃗ Z|&〉, (28) 286 
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R is the distance between the receiver and the scattering volume ΔV, re is the classical electron 292 
radius, and E0 is the amplitude of the transmitted electric field. The Fourier transformed electron 293 
density in Equation (28) is 294 〈|𝑛!Y𝜔, 𝒌&⃗ Z|&〉 = 1Δ𝑉H𝑑𝜏	ℯ8:;< 〈𝑛!∗ h𝑡 − 𝑟𝑐 , 𝒌&⃗ i 𝑛! h𝑡 − 𝑟𝑐 + 𝜏, 𝒌&⃗ i〉 , (29) 295 
where 〈𝑛!∗ h𝑡 − 5" , 𝒌&⃗ i 𝑛! h𝑡 − 5" + 𝜏, 𝒌&⃗ i〉 is the normalized auto-correlation function of the 296 
electrons. Diaz et al. (2008) showed that unmagnetized, collisionless ISR spectra can be 297 
simulated with EPPIC by Fourier transforming the electron density output in time and space. 298 
4.1 ISR Spectra Parallel to B 299 
ISR spectra at magnetic aspect angles larger than 6° are not affected by Coulomb 300 
collisions or the magnetic field (Aponte et al., 2001), which allows us to validate our PIC 301 
approach to simulating ISR spectra against the collisionless theory presented in Kudeki and Milla 302 
(2011). Table 2 shows the simulation parameters used in EPPIC. The temperatures are the same 303 
ones from Sulzer and Gonzalez (1999) and Milla and Kudeki (2011), but we use a plasma density 304 
100 times lower in order to keep grid heating to less than 15 K, which is a non-physical increase 305 
in temperature in PIC codes when the Debye length is not well resolved by the grid. 306 
Furthermore, changes in density primarily affect the total power of the spectra and not the shape, 307 
so the results below hold for all ionospheric densities if the spectra are normalized. The grid is 308 
chosen to allow fifteen full wavelengths of a 440 MHz radar to fit in the simulation, while still 309 
resolving a Debye length of 2.18 cm. The simulation is run for 40 ms, which gives a frequency 310 
resolution of 25 Hz, and the density is zero padded to provide interpolation at 12.5 Hz. The ion 311 
movement and Coulomb collisions are calculated every 8th time step to speed up computation.  312 
Table 2. Simulation parameters used for all EPPIC simulations of ISR spectra in this paper. 313 
Grid Size 512 x 512 Electron mass me = 2.594 x 10-29 kg 
Grid Step Δx = Δy = 1 cm Ion mass (O+) mi = 2.657 x 10-26 kg 
Total Time Steps 500,000 Temperature Te = Ti = 1000 K 
Time Step Size Δt = 80 ns Magnetic field for electrons Be = 1.6 G 
Particles per grid cell 128 Magnetic field for Ions Bi = 0.3 G 
Average density ni = ne = 104 cm-3 Collision density ncoll = 106 cm-3 
To obtain the spectra we need to calculate several independent realizations of ne(ω,k) and 314 
average the results. To do this we run 100 simulations that only differ in the initial random 315 
number seed, then Fourier transform the electron density from each run, square the result, and 316 
average the runs to form an estimate of 〈|𝑛!Y𝜔, 𝒌&⃗ Z|&〉. The spectra can then be interpolated in k 317 
space to match any desired radar line of sight with respect to the magnetic field. The electron 318 
density in Equation (29) needs to be normalized by the variance in ne, so to eliminate any errors 319 
in calculating the variance along different aspect angles we normalize the simulated spectra to a 320 
maximum value of 1. Due to the size of the simulation we can only read in every 64 time steps of 321 
the density output into memory for the Fourier transform, which introduces some aliasing 322 
effects. Full ω-k plots show aliased modes are only present in the 440 MHz radar spectra for 323 
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aspect angles of 40° to 90°, and the aliased mode is an evanescent Langmuir mode with a 325 
constant low power across the ion line. We subtract this constant power before normalizing any 326 
parallel mode. 327 
Simulation noise for the unmagnetized, parallel spectra is further reduced by averaging 328 
the results at magnetic aspect angles of 90°, 80°, 70°, 60°, and 50°, which provides 500 total 329 
independent samples of the same unmagnetized spectra. Figure 2 shows the normalized parallel 330 
spectra from EPPIC, with and without collisions, compared to the theoretical spectra calculated 331 
from Kudeki and Milla (2011). The simulated spectra in Figure 2 agree well with the theory, 332 
validating our PIC approach to simulating ISR spectra, and showing that the collision algorithm 333 
in the PIC code has no effect on the unmagnetized spectra. Figures 3-5 show the same 334 
simulations at different aspect angles in k space and are discussed in the following sections. 335 
 336 
Figure 2. Simulated parallel spectra from the collisionless and collisional PIC runs are compared 337 
to the theory from Kudeki and Milla (2011). The spectra are for a radar frequency of 440 MHz, 338 
and are normalized by their peak values. 339 
4.2 ISR Spectra Perpendicular to B 340 
The spectra taken parallel to the magnetic field show that our simulations accurately 341 
reproduce the analytic theory, and that Coulomb collisions have no effect on the spectra at large 342 
magnetic aspect angles. For magnetic aspect angles less than 5°, numerical libraries derived from 343 
single particle simulations in Sulzer and Gonzalez (1999) and Milla and Kudeki (2011) are 344 
needed for accurate spectra inversions. Kudeki and Milla (2011) provides an analytic theory that 345 
approximates Coulomb collisions as a Brownian motion process. Equations (62) and (63) from 346 
Kudeki and Milla (2011) describe the mean square displacements of magnetized electrons 347 
subject to a Brownian motion collision operator as 348 〈Δ𝑙&〉 = 2𝑐&𝑓& (𝑓𝜏 − 1 + 𝑒8><), (30) 349 
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〈Δ𝑝&〉 = 2𝑐&𝑓& + 𝜔"!& (cos 2𝛾 + 𝑓𝜏 − 𝑒8>< cos(𝜔"!𝜏 − 2𝛾)), (31) 354 
where Δl is the displacement along the magnetic field, Δp is the displacement perpendicular to B, 355 
f is the collision rate, c2 = KT/m is the thermal speed, τ is the time lag used in Fourier 356 
transforming the electron autocorrelation function, ωce is the electron gyrofrequency, and 357 tan 𝛾 = 𝑓/𝜔"!. The mean square displacements are used to calculate the electron autocorrelation 358 
function, which then defines the full ISR spectra using the general framework in Kudeki and 359 
Milla (2011).  360 
The quantity 𝛾 = atan(𝑓/𝜔"!) in Equation (31) shows that the perpendicular spectra 361 
depends primarily on the ratio of the collision frequency to the gyrofrequency. The electron-ion 362 
Coulomb collision rate is (Bellan, 2006) 363 𝑓(𝑣) = 𝑛)𝑒'Λ2𝜋𝜖(&𝑚!&𝑣, . (32) 364 
Equations (30) and (31) require a single collision rate representative of the thermal population. 365 
Substituting v2 = 2KTe/me, we can obtain a velocity independent collision rate of 366 𝑓 = 𝑛)𝑒'Λ4𝜋𝜖(&a2𝑚!(𝐾𝑇!),/& . (33) 367 
This collision rate varies as 𝑓 ∝ 𝑚!8./& when temperature is held constant, and the 368 
gyrofrequency varies as 𝜔"! ∝ 𝑚!8., which means 𝑓/𝜔"! ∝ 𝑚!./&. The simulation parameters in 369 
Table 2 use an O+ ion mass, but the electron mass used in the simulations is me = mi /1024 which 370 
significantly speeds up computation time since the time step is proportional to the inverse of the 371 
electron plasma frequency. To keep the simulated spectra realistic, the ratio 𝑓/𝜔"! in the 372 
simulation needs to match the ratio for real electrons. This is accomplished by increasing the 373 
magnetic force on the electrons such that 𝜔"! ∝ 𝑚!8./&. Since the simulation electrons are 28.5 374 
times heavier than real electrons, the gyrofrequency is modified by setting B = 1.6 G for the 375 
electrons in the simulations, while keeping B = 0.3 G for the ions. This has the added benefit of 376 
keeping the lower hybrid frequency the same, which avoids a problem of the lower hybrid mode 377 
exciting ion acoustic modes perpendicular to B. Initial runs did not use the B = 1.6 G correction 378 
for electrons, and the resulting spectra were heavily distorted from reality due to acoustic modes 379 
propagating perpendicular to the magnetic field. 380 
Since density primarily affects the total power of ISR spectra, we have used ne = 104 cm-3 381 
to minimized grid heating, and normalized the resulting spectra. The collision frequency in 382 
Equation (32) using this density is ~20 Hz, which is too low for the simulation to resolve any 383 
collisional effects on the perpendicular spectra. To solve this issue, the collision routine uses an 384 
increased density of ncoll = 106 cm-3 when calculating the Coulomb logarithm and diffusion 385 
coefficient from Equations (4) and (10). The results of collisional and collisionless simulations of 386 
spectra perpendicular to B are shown in Figure 3, which averages 100 samples for each 387 
simulation. 388 
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 394 
Figure 3. Normalized spectra for a 440 MHz radar looking perpendicular to the magnetic field. 395 
The frequency resolution of the simulations is 25 Hz, and the central peak of the collisionless 396 
simulation is narrower than this resolution indicating that without collisions the simulated spectra 397 
tends to a delta function at f = 0 Hz, as expected from collisionless ISR theory. Plot (a) shows the 398 
spectra on a linear power scale, while plot (b) shows the same spectra on a logarithmic scale 399 
across a wider frequency range. 400 
The theory plotted in Figure 3 uses the mean square displacements for Brownian motion 401 
defined in Equations (30) and (31), with a collision frequency of 370 Hz. Using Equation (32), 402 
this collision frequency corresponds to an electron moving with speed v2 = 3.1 KT/m. Milla and 403 
Kudeki (2011) find a best fit collision rate of 283 Hz for their single particle simulations when 404 
using the same parameters as our simulations. The discrepancy between the best fit collision 405 
frequencies is likely due to Milla and Kudeki using the thermal speed to calculate the Coulomb 406 
logarithm in Equation (4), while our simulations use the individual electron’s speed for each 407 
collision. Figure 4 plots the perpendicular spectra of both simulations across a range of radar 408 
wavenumbers, showing the spectra around 0 Hz is significantly widened for all radar 409 
wavenumbers of interest. 410 
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 413 
Figure 4. Perpendicular spectra for both simulations plotted on a logarithmic scale. The 414 
wavenumber kꓕ accounts for the Bragg scattering condition, and f is the measured Doppler shift 415 
away from the carrier frequency. Each spectra is normalized to the peak value at kꓕ = 18.4 m-1, 416 
corresponding to a radar frequency of 440 MHz (shown by the arrow). The collisionless spectra 417 
(left) near f = 0 Hz is only as wide as the frequency resolution in the simulation, which is 418 
indicative of a delta function when Fourier transforming a discrete set of time samples. The 419 
simulation with collisions (right) significantly widens the low frequency spectra for all 420 
wavenumbers of interest. The lower hybrid mode is visible in both spectra in the top left and 421 
bottom left corners. The X pattern in the middle of each spectra is the first Bernstein mode being 422 
aliased into the low frequency range since we sample the density output at every 64 time steps. 423 
4.3 ISR Spectra at Small Aspect Angles 424 
The spectra at small aspect angles is calculated from the same simulations used to obtain 425 
the spectra in Figures 2 and 3, with a bilinear interpolation of 〈|𝑛!Y𝜔, 𝒌&⃗ Z|&〉 providing the spectra 426 
at any desired aspect angle. However, the use of a non-physical electron mass means the 427 
magnetic aspect angles from the simulation are not the same angles a radar would look at. The 428 
critical angle, θc, where the effective electron mass equals the ion mass is 429 cos& 𝜃" = 𝑚!𝑚) . (34) 430 
Below this angle, the ISR spectra are controlled by electron dynamics and the ion acoustic mode 431 
is cutoff in favor of the lower hybrid mode. For an F-region plasma composed entirely of O+ 432 
ions, the critical angle in Equation (34) is 0.334°. Using the ion-electron mass ratio of 1024 in 433 
our simulations, this critical angle is 1.78°, and any other simulation angle, θ, can be mapped to 434 
the corresponding magnetic aspect angle, α, in an O+ plasma as 435 sin 𝛼 = sin 𝜃 	 sin(1.78°)sin(0.334°) . (35) 436 
All results in this paper are labeled with the mapped aspect angle α for an O+ plasma.  437 
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Figure 5 shows the spectra from 0.75° to 5° on a linear scale, which shows that the 442 
Brownian motion theory is valid for aspect angles of 3° or more. The collisional PIC simulation 443 
in Figure 5 is normalized to a maximum value of 1 at each angle, and the collisionless simulation 444 
is normalized by the same amount. This shows that both simulations have the same power for 445 
frequencies higher than ~4 kHz, and the collisionality is primarily affecting the lower frequency 446 
regime of 0-3 kHz. It is interesting to note that Milla and Kudeki (2011) show at angles larger 447 
than 0.5° the Brownian motion spectra is the same overall shape as theoretical spectra without 448 
collisions, albeit narrower. Figure 5 shows that our collisionless simulation at aspect angles 449 
between 0.75° and 2° is a completely different shape than the Brownian motion spectra, with a 450 
strong central peak at f = 0 Hz, and a secondary peak at f ≈ 1500 Hz corresponding to the 451 
acoustic mode. 452 
For a 440 MHz radar, 0.71° is the smallest angle that can be resolved by the simulation 453 
without the perpendicular mode dominating any interpolation in k space. To obtain spectra at 454 
smaller angles, we run a separate set of collisional simulations on a 1024 by 1024 grid, using the 455 
same parameters in Table 2, with the exception of the grid step increasing to 1.5 cm, and the total 456 
simulation time being reduced to 4 ms. The smallest resolved angle for these simulations is 457 
0.24°, but the reduction in run time decreases the frequency resolution to 250 Hz. Figure 6 shows 458 
the results of this simulation at aspect angles of 0.25° and 0.5° degrees. The decrease in 459 
frequency resolution adversely impacts the accuracy of this simulation, but we can conclude that 460 
at these angles the simulated spectra are still narrower than the Brownian motion spectra. 461 
Comparing the collisional simulations in Figures 5 and 6 to the Brownian motion spectra 462 
we see agreement between the two methods for aspect angles of 3° and larger. At angles of 2° 463 
and smaller the Brownian motion theory is wider than the collisional simulation. The width of 464 
ISR spectra is typically controlled by the ion temperature, but at small aspect angles the electron 465 
temperature also controls the width, with higher temperatures producing wider spectra in each 466 
case. If one tried to fit a Brownian motion curve to the collisional simulation, a smaller plasma 467 
temperature would need to be used in the Brownian theory to obtain the best fit. Estimating 468 
plasma temperatures using the Brownian theory results in a 20-30% error, but the exact error in 469 
either Ti or Te depends both on aspect angle and on the inversion routine. The spectra at smaller 470 
frequencies is controlled by electron dynamics, and so an inversion method that emphasizes that 471 
region of the spectra will underestimate electron temperatures. Inversion routines that use the 472 
logarithm of the power spectra will emphasize fitting the higher frequency tail of the spectra, 473 
which will underestimate the ion temperature. 474 
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475 
Figure 5. Normalized spectra of a 440 MHz radar at magnetic aspect angles of 0.75° to 5°, 476 
plotted on a linear scale. The collisionless PIC spectra (red) is normalized by the same value as 477 
the collisional PIC spectra (blue). At 3° and above the simulated collisional spectra converges on 478 
the Brownian motion theory. The simulated spectra at each angle are obtained by averaging 100 479 
independent samples. 480 
 481 
Figure 6. The spectra of a 440 MHz radar at 0.25° and 0.5° away from perpendicular to B. To 482 
resolve angles this small an additional set of simulations was done using the parameters in Table 483 
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2, with the grid size increased to 1024x1024, the grid step increased to 1.5 cm, and the 485 
simulation time reduced to 4 ms. Plots (a) and (b) are on a logarithmic scale, showing the lower 486 
hybrid mode at ~6 kHz at 0.25°, and plots (c) and (d) are the same spectra on a linear scale. The 487 
simulated spectra are obtained by averaging the results of 100 independent runs. 488 
5 Discussion 489 
The single particle simulations presented in Sulzer and Gonzalez (1999) and Milla and 490 
Kudeki (2011), as well as the Brownian motion theory, focus on calculating single particle 491 
autocorrelation functions, 〈exp(𝑖𝒌&⃗ ⋅ Δ𝒓&⃗ ?)〉, for each species s. The spectra are then calculated 492 
using the general framework for ISR spectra described by Equations 38-41 in Kudeki and Milla 493 
(2011). The general framework is a first principles derivation that uses fundamental relations 494 
between the autocorrelation functions, electric conductivities σs, and thermal noise manifesting 495 
through the fluctuation-dissipation theorem to calculate ISR spectra. For completeness, this 496 
general framework is summarized here: 497 〈w𝑛!Y𝜔, 𝒌&⃗ Zw&〉 = 2𝑁(|𝑖𝜔𝜖( + 𝜎)|&|𝑖𝜔𝜖( + 𝜎! + 𝜎)|& Re[𝐽!(𝜔)] + 2𝑁(|𝜎!|&|𝑖𝜔𝜖( + 𝜎! + 𝜎)|& Re[𝐽)(𝜔)] (36) 498 𝜎?Y𝜔, 𝒌&⃗ Z = 𝑖𝜔𝜖( h.8);@!(;)C"D!" i (37)499 
where N0 is the plasma density, and hs is the Debye length. Js is the Gordeyev integral, which is 500 
the one-sided Fourier transform of the single particle autocorrelation function of species s, 501 𝐽?(𝜔) = ∫ 𝑑𝜏	𝑒8);< 〈𝑒)𝒌F⃗⋅I𝒓F⃗ 𝒔〉K( (38) 502 
While the general framework is based on first principles derivations, this approach inherently 503 
separates the macrophysics from the microphysics. In contrast, the PIC simulations presented 504 
here directly calculate 〈|𝑛!Y𝜔, 𝒌&⃗ Z|&〉 from a many-particle simulation that self-consistently 505 
evolves the micro and macrophysics at the same time. These two different approaches warrant a 506 
careful comparison. 507 
5.1 Comparison to Brownian Motion Theory 508 
The Coulomb collision algorithm in this paper solves the Langevin equation 509 Δ𝒗&⃗ /012 = 𝑭&&⃗ 𝒅Δ𝑡 + 𝑸&&⃗ , (12) 510 
with velocity dependent coefficients Fd and Q defined by the Fokker-Planck equation. The 511 
Brownian motion theory from Kudeki and Milla (2011) solves the same Langevin equation using 512 
coefficients Fd and Q that are averaged over the electron distribution and are independent of 513 
velocity. The resulting displacement statistics are shown in Equations (30-31) and are easy to use 514 
in the general framework described by Equations (36-38). However, the single particle 515 
simulations in Milla and Kudeki (2011) show that the Brownian motion solution to Equation (12) 516 
describes the effects of ion-ion collisions well, but is only accurate for electron-ion collisions for 517 
spectra exactly perpendicular to B. The collisional PIC simulations in Figure 3 support this 518 
conclusion, with the Brownian motion theory matching the simulations well, though the collision 519 
rate used in the theory curve is slightly higher than the best fit rates found by Milla and Kudeki 520 
(2011). When the spectra are normalized to a maximum power of 1, we see the collisional 521 
simulations are narrower that the Brownian motion theory for angles less than 3°. This suggests 522 
that using the Brownian motion theory to invert spectra in this range will result in an 523 
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underestimation of the electron or ion temperatures. At aspect angles above 3° we do not see any 528 
significant deviations between the Brownian motion theory and our collisional simulation. At 529 
aspect angles larger than above 5° both simulations and the Brownian motion theory converge on 530 
the collisionless theory, in agreement with previous results (Aponte et al., 2001). 531 
5.2 Comparison to Single Particle Simulations 532 
Milla and Kudeki (2011) calculate the electron Gordeyev integral from a set of 533 
simulations of a single electron gyrating in a magnetic field while undergoing Coulomb 534 
collisions. The Coulomb collisions are implemented through the same Langevin equation used in 535 
EPPIC, 536 𝒗&⃗ 1!4 = 𝒗&⃗ #$* + 𝑭&&⃗ /#5!167Δ𝑡 + 𝑭&&⃗ 𝒅Δ𝑡 + 𝑸&&⃗ . (14) 537 
In the case of the single particle simulations the Lorentz force does not include an electric field, 538 
which is accounted for with the general framework in Equation (36). The drag and diffusion 539 
coefficients come from the same Fokker-Planck equation we use, but they do not make the same 540 
assumption of a delta distribution for the ions when calculating the Rosenbluth potentials which 541 
allows for slow energy exchange in their electron-ion collisions. Additionally, the simulations in 542 
Milla and Kudeki (2011) include both electron-ion collisions and electron-electron collisions. 543 
The physics of electron-electron collisions is distinct from the physics of electron-ion collisions, 544 
but to the lowest order including both collision mechanisms will effectively double the collision 545 
frequency. 546 
Figure 11 of Milla and Kudeki (2011) plots their single particle simulation results at 547 
magnetic aspect angles of 0°, 0.1°, 0.5°, and 1° against the Brownian motion theory, the single 548 
particle simulations from Sulzer and Gonzalez (1999), and the small angle extension of the 549 
Sulzer and Gonzalez results by Woodman (2004). The 0.5° results in Figure 11 of Milla and 550 
Kudeki (2011) show single particle simulations producing spectra that are narrower than the 551 
Brownian motion theory when normalized to the same peak value, in agreement with our 552 
simulated spectra at 0.5° in Figure 6. At 1°, our normalized collisional simulation is narrower 553 
than the Brownian motion theory, and the single particle simulations in Milla and Kudeki are 554 
also narrower than the Brownian motion theory. Overall, our self-consistent many particle 555 
simulations produce the same behavior at small aspect angles as the Milla and Kudeki single 556 
particle simulations.  557 
5.3 Summary 558 
This paper describes the implementation of a grid-based Coulomb collision method in a 559 
massively parallel electrostatic PIC code. The collision algorithm was validated against a 560 
theoretical analysis of a beam decelerating due to collisional drag. This test showed that the 561 
theory fails to sufficiently account for the deviation of the beam’s velocity distribution away 562 
from a Gaussian, but once this was accounted for in the theory it matched the simulation well. 563 
Using this collision algorithm, this paper describes how ISR spectra can be simulated at all 564 
magnetic aspect angles, including the case of exactly perpendicular to the magnetic field where 565 
collisionless models produce singularities at harmonics of the gyrofrequency. Figures 3-6 clearly 566 
show that the simulated spectra at small magnetic aspect angles changes significantly due to 567 
electron-ion collisions. 568 
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The only analytic theory for magnetized, collisional ISR spectra is provided in Kudeki 579 
and Milla (2011), which approximates Coulomb collisions as a Brownian motion process with a 580 
constant collision frequency. Comparisons of our simulations to this theory show the theory is 581 
accurate exactly perpendicular to the magnetic field, and at aspect angles greater than 3°. 582 
Between 0° and 3° the theory does not agree with our simulations which means that using the 583 
Brownian motion theory to invert spectra will underestimate the plasma temperature. These 584 
results are in agreement with Milla and Kudeki (2011), which also showed the Brownian motion 585 
theory is inaccurate for small, non-zero aspect angles. We also see that our simulations at angles 586 
less than 1° qualitatively agree with previous results that relied on single particle simulations to 587 
produce electron autocorrelation functions, which are then Fourier transformed to obtain ISR 588 
spectra. The single particle simulations include velocity dependent collision operators, and have 589 
been extended up to 3 dimensions, but calculating spectra with this method requires a separation 590 
of the macrophysics of a plasma’s collective behavior from the microphysics of single particle 591 
dynamics. The strength of the PIC results is that both physical scales are included in the 592 
simulations, which allows the direct computation of ISR spectra without use of the framework 593 
outlined in Kudeki and Milla (2011). 594 
The simulations presented in this paper were done to isolate the effects of electron-ion 595 
collisions on ISR spectra at small aspect angles. Collisions with neutrals were neglected, though 596 
Goodwin et al. (2018) shows that ion-neutral collisions can drastically change the shape of ISR 597 
spectra when a strong external electric field is imposed. Our simulation results are restricted to 598 
the F region where the plasma is composed of a single ion species, O+. Multiple ion species can 599 
also be included in the PIC method should one wish to investigate collision effects in the D and 600 
E regions. However, the electron-ion collision algorithm implemented in this paper makes no 601 
distinction between the ion species in the collision, as the Rosenbluth potentials are evaluated 602 
using a delta distribution for the ion velocities. Electron-electron collisions can be simulated in 603 
EPPIC using the same framework outlined in this paper but have yet to be included due to the 604 
computational cost of evaluating exact Rosenbluth potentials and maintaining energy 605 
conservation. Future work will focus on including electron-electron collisions since they occur 606 
with a frequency similar to electron-ion collisions, and transfer energy between particles at a 607 
faster rate than electron-ion collisions. 608 
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